In this paper, we introduce a new concept of mild solution of some class of semilinear fractional differential inclusions of order 0 < α < 1. Also we establish an existence result when the multivalued function has convex values. The result is obtained upon the nonlinear alternative of Leray-Schauder type.
Introduction
Our aim in this paper is to study the existence of mild solutions for fractional semilinear differential inclusions of the form: c D α t k y(t) − Ay(t) ∈ F (t, y t ), t ∈ J k := (t k , t k+1 ], k = 0, . . . , m (1) ∆y| t=t k = I k (y(t − k )), k = 1, . . . , m (2)
where 0 < α < 1, F : [0, b] × D → P(E) is a given valued multivalued map, I k : E → E, 0 = t 0 < t 1 < · · · < t m < t m+1 = b, P(E) is the collection of all subsets of E, ∆y| t=t k = y(t Here y t (·) represents the history of the state from t − r, up to the present time t. We assume as usual in the theory of impulsive differential equations that the solution of (1)- (3) is such that at the point of discontinuity t k satisfies y(t k ) = y(t − k ).
Fractional differential equations have recently been proved to be valuable tools in the modeling of many phenomena in various fields of science and engineering ( [4, 14, 20, 22] ). There has been a significant development in ordinary and partial fractional differential equations in recent years; see the monographs of Abbas et al. [1] , Kilbas et al. [15] , Lakshmikantham et al. [16] , Miller and Ross [19] , Podlubny [20] , Samko et al. [21] , and the papers by Agarwal et al. [2] , Anguraj et al. [3] , Belmekki et al. [6] , Benchohra et al. [5, 7, 8] and the references therein.
The Cauchy problem for abstract differential equations involving RiemannLiouville fractional integral have been considered by several author; see for instance, Cuevas and De Souza [11, 12] , Benchohra et al. [9] and the reference therein. To our knowledge, there are very few results for impulsive fractional differential inclusions. The results of the present paper extend and complement those obtained in the absence of the impulse functions I k . This paper is organized as follow, in Section 2 we introduce some preliminaries that will be used in the sequel, in Section 3 we give a new definition to the mild solution of problem (1)- (3) and we establish our existence result.
Preliminaries
In this section, we introduce notation, definitions, and preliminary facts which are used throughout this paper.
C[J, E] is the Banach space of all continuous functions from J into E with the norm
denotes the Banach space of measurable functions u : J → E which are Bochner integrable normed by
Let L ∞ (J, R) be the Banach space of measurable functions u : J → R which are essentially bounded, equipped with the norm
Let (X, |·|) be a normed space. Denote by P cl (X), P b (X), P cp (X), P c (X), P cl,c (X), P cp,c (X) the set {Y ∈ P(X)} such that Y is closed, bounded, compact, convex, closed and convex, compact and convex, respectively. A multivalued function
Finally F is called completely continuous if it is upper semi-continuous and compact on X. The following definitions are used in the sequel.
Definition. A multivalued map F : J × D → P(E) is said to be Carathéodory if
For each y : [−r, b] → E, define the set of selections of F by
The Riemann-Liouville fractional operators are defined as follows (see [19, 20] ).
Definition. The fractional integral operator I α of order α > 0 of a continuous function f (t) is given by
We can write
Γ(α) for t > 0 and ψ α (t) = 0 for t ≤ 0 and ψ α (t) → δ(t) (the delta function) as α → 0 (see [15, 19, 20] ).
Definition. The α−th Riemann-Liouville fractional-order derivative of f , is defined by:
here n = [α] + 1 and [α] denotes the integer part of α.
Definition [15] . For a function f given on the interval [a, b], the Caputo fractionalorder derivative of order α of f , is defined by
where n = [α] + 1.
Therefore, for 0 < α < 1, The Caputo's fractional derivative for
Definition [10] . Let α > 0. A function S α : R + → B(X) is called an α-resolvent operator(α-ROF) if the following conditions are satisfied:
(a) S α (.) is strongly continuous on R + and S α (0) = I
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(c) the functional equation
holds for all s, t ≥ 0.
The generator A of S α is defined by:
Definition. An α-ROF S α is said to be exponentially bounded if there exist constants M ≥ 0, ω ≥ 0 such that:
in this case we write A ∈ C α (M, ω).
Proposition 1. Let S α be an α-ROF generated by the operator A. The following assertions hold:
and AS α (t)x = S α (t)Ax for all x ∈ D(A) and t ≥ 0.
(b) For all x ∈ X, I α t S α (t)x ∈ D(A) and
(c) x ∈ D(A) and Ax = y if and only if
and there exists a stongly continuous function S α : R + → B(X) such that S α (t) ≤ M e ωt and
for all x ∈ X. Furthermore, S α is the α-ROF generated by the operator A.
For more detail see [18] .
Main result
In order to define the mild solution to the problem (1-3), we shall consider the following space
which is a Banach space with the norm
where y k is the restriction of y to
Also; we introduce the definition of Caputo's derivative in each interval (
Now, we can define a meaning of the mild solution of problem (1-3).
Definition. A function y ∈ Ω is called to be mild solution of
, and such that y satisfies the following integral equation: (H1) assume that A generates a compact α-ROF S α for t > 0 wich is exponentially bounded i.e. There exist constants M ≥ 1, ω ≥ 0 such that:
is Carathéodory and there exist p ∈ L ∞ (J, R) and a continuous nondecreasing function ψ : [0, ∞) → (0, ∞) such that:
Where
(H3) The functions I k : E → E are continuous and there exists a constant
The nonlinear alternative of Leray-Schauder type is used to investigate the existence of solutions of problem (1) (2) (3) . We need to use the following result due to Lasota and Opial [17] .
Lemma 3. Let E be a Banach space, and F be an L 1 -Carathéodory multivalued map with compact convex values, and let Γ : L 1 (J, E) → C(J, E) be a linear continuous mapping. Then the operator
is a closed graph operator in C(J, E) × C(J, E). Proof. Transform the problem (1-3) into a fixed point problem. Consider the multivalued operator: N : Ω → P(Ω) defined by N (y) = {h ∈ Ω} such that
Clearly, the fixed points of N are solutions to (1-3). We shall show that N satisfies the assumptions of the nonlinear alternative of Leray-Schauder type [13] . The proof will be given in several steps.
Step 1. N (y) is convex for each y ∈ Ω.
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Let 0 ≤ σ ≤ 1. Then for each t ∈ J we have:
Since S F,y is convex (because F has convex values), we have
Step 2. N maps bounded sets into bounded sets in Ω.
Let B q = {y ∈ Ω : y ∞ ≤ q}, q > 0 a bounded set in Ω. It is equivalent to show that there exists a positive constant l such that for each y ∈ B q we have N (y) ≤ l. Let y ∈ B q , then for each h ∈ N (y), there exists v ∈ S F,y such that:
which gives
Step 3. N maps bounded sets into equicontinuous sets of Ω.
Let τ 1 , τ 2 ∈ J with τ 1 < τ 2 , let B q be a bounded set in Ω as in Step 2, and let y ∈ B q and h ∈ N (y). Then, if > 0 with < τ 1 < τ 2
and
It gives 
As τ 1 → τ 2 and becomes sufficiently small, the right-hand side of the above inequality tends to zero, since S α is a strongly continuous operator and the compactness of S α for t > 0 implies the continuity in the uniform operator topology. This proves the equicontinuity for the case where t = t i , i = 1, . . . , m + 1. It remains to examine the equicontinuity at t = t i . First we prove the equicontinuity at t = t i . We have for some y ∈ Bq, there exists v ∈ S F,y such that for each t ∈ J:
They tends to zero as ρ → 0. Defineĥ
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Next, we prove equicontinuity at t = t
First we study the equicontinuity at t = 0 + .
If t ∈ [0, t 1 ] we havê
For 0 < ρ < δ 2 , we have
The right hand-side tends to zero as ρ → 0 (I is the unitary operator). Now we study the equicontinuity at t = t + i , i ≥ 1. For 0 < ρ < δ 2 , we have
The right hand-side tends to zero as ρ → 0. The equicontinuity for the cases τ 1 < τ 2 ≤ 0 and τ 1 ≤ 0 ≤ τ 2 follows from the uniform continuity of φ on the interval [−r, 0]. As a consequence of Steps 1 and 2 together with Arzelá-Ascoli theorem it suffices to show that N maps B into a precompact set in E.
Let 0 < t * < b be fixed and let be a real number satisfying 0 < < t * . For y ∈ B, we define
where v ∈ S F,y . Since S α (t * ) is a compact operator, the set
is precompact in E for every , 0 < < t * . Moreover, for every h ∈ N (y) we have
Therefore, there are precompact sets arbitrarily close to the set H(t * ) = {h(t * ) : h ∈ N (y)}. Hence the set H(t * ) = {h(t * ) : h ∈ N (B)} is precompact in E. Hence the operator N is completely continuous.
Step 4. N has a closed graph.
Let y n → y * , h n ∈ N (y n ), and h n → h * . We shall show that h * ∈ N (y * ). h n ∈ N (y n ) means that there exists v n ∈ S F,yn such that:
We have to prove that there exists v * ∈ S F,y * such that for each t ∈ J we have
Consider the linear and continuous operator L :
From Lemma 3 it follows that L • S F is a closed graph operator and from the definition of L one has
As y n → y * and h n → h * , there is a v * ∈ S F,y * such that
Hence the multivalued operator N is upper semi-continuous.
Step 5. A priori bounds on solutions.
Now, it remains to show that the set
is bounded. Let y ∈ E be any element. Then there exists v ∈ S F,y such that
Then from (H1), (H2), (H3) we obtain
M k+1 e ωt φ(0)
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Consider the function µ(t) defined by
Then, we have y s ≤ µ(t) for all t ∈ J. Let t * ∈ J be such that µ(t) = |y(t * )|. Then, by the previous inequality we have for t ∈ J Differentiating both sides of the above equality, we obtain v (t) = M e ω(b−t) p(t)ψ(µ(t))ds, a.e. t ∈ J.
Using the nondecreasing character of the function ψ, we have v (t) ≤ M e ω(b−t) p(t)ψ(v(t)), a.e. t ∈ J,
that is v (t) ψ(v(t))
≤ M e ω(b−t) p(t), a.e. t ∈ J.
Integrating from 0 to t if t ∈ [0, t 1 ] and from t k to t if t ∈ (t k , t k+1 ] we get This shows that the set E is bounded. As a consequence of Theorem of LeraySchauder, the multivalued operator N has a fixed point y on the interval [−r, b] which is a mild solution of problem (1-3).
